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Abstract: We present matching conditions for distributional sources of arbitrary codi-
mension in the context of Lovelock gravity. Then we give examples, treating maximally
symmetric distributional p-branes, embedded in flat, de Sitter and anti-de Sitter spacetime.
Unlike Einstein theory, distributional defects of locally smooth geometry and codimension
greater than 2 are demonstrated to exist in Lovelock theories. The form of the matching
conditions depends on the parity of the brane codimension. For odd codimension, the
matching conditions involve discontinuities of Chern-Simons forms and are thus similar to
junction conditions for hypersurfaces. For even codimension, the bulk Lovelock densities
induce intrinsic Lovelock densities on the brane. In particular, this results in the appear-
ance of the induced Einstein tensor for p > 2. For the matching conditions we present,
the effect of the bulk is reduced to an overall topological solid angle defect which sets
the Planck scale on the brane and to extrinsic curvature terms. Moreover, for topological
matching conditions and constant solid angle deficit, we find that the equations of motion
are obtained from an exact p+1 dimensional action, which reduces to an induced Lovelock
theory for large codimension. In essence, this signifies that the distributional part of the
Lovelock bulk equations can naturally give rise to induced gravity terms on a brane of even
co-dimension. We relate our findings to recent results on codimension 2 branes.
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1. Introduction
Under what dimensionality and geometric conditions can we consider the embedding of
distributional sources in a classical gravity theory? What are the resulting dynamics for a
brane sourced by its own energy-momentum tensor?
In general relativity, the dynamics of a self-gravitating hypersurface with a localised
distribution of matter is given by the junction conditions of Israel [1] (see also [2]). Con-
tinuity of the intrinsic metric and a jump in the extrinsic curvature, at the location of the
distributional source, account for the hypersuface’s induced energy-momentum tensor. To
first order, the dynamics of a thick domain wall is seen to accurately obey the distribu-
tional equations [3]. For codimension 2 defects, ie infinitesimal strings, the situation is a bit
more tricky. For distributional sources of intrinsic maximal symmetry, for example straight
cosmic strings, it was found [4] that their gravitational field is of topological character, ie
they induce a locally flat geometry with a global angular defect related to their intrinsic
tension. For curved infinitesimal strings, there seemed to be a paradox summarised in the
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phrase: infinitesimally thin self-gravitating strings cannot bend (for discussions on this,
see [5]). Geometrically, the worldsheet of a self-gravitating string is totally geodesic rather
than minimal. One way round this paradox is to simply admit that the Dirac distribution
description ceases to be correct once the self-gravitating string is not maximally symmetric.
If we want to include self-gravity effects, we can no longer neglect finite width corrections
1. In higher codimension, localised distributional defects are not permitted at all, largely
due to the presence of classical black hole theorems, which restrict the possible solutions
and do not permit the embedding of distributional sources. Mathematically, as the codi-
mension increases, so does the dimensionality of the distribution we want to embed2 and,
not surprisingly, it is increasingly difficult for Einstein’s equations to account for such a
term. Physically, increasing the codimension renders the internal structure of the source
more and more important. For example, strings of differing energy density and pressure
cannot be described by a distributional source3.
In higher than four spacetime dimensions, the situation does not change much if we
stay in the context of Einstein’s theory. Here, the most common context of distributional
sources is that of brane universes, which are often idealised codimension 1 or codimension
2 defects of localised matter. Wall type defects have been exhaustively studied and we can
successfully describe perfect fluid type sources and evaluate analytically their cosmology
[6]. It is only when one touches at spacetimes of lesser symmetry, such as those of localised
black holes or anisotropic cosmologies, that the field equations become non-analytical (see
for example [7], [8]). For codimension 2 defects, the situation is far more delicate and one
does not even have a description of brane cosmology for perfect fluid Dirac sources (see for
example [9]). This is in complete analogy to the case of cosmic strings in 4 dimensions.
The topological character of codimension 2 defects, which has been related to self-tuning,
raises however some interesting questions regarding the cosmological constant problem (see
for example [10]).
There is another option and that is to change the bulk gravity theory. We then need at
most second order field equations in order to have Dirac sources with a continuous metric.
The most general gravity theory which is identical to Einstein’s theory in 4 dimensions and
satisfies the above property is Lovelock theory [11]. This theory obeys energy conservation
via generalised Bianchi identities and has a well defined perturbation operator [12] which
ensures that the graviton has the same number of deegres of freedom as in Einstein theory.
The most familiar version of Lovelock’s theory is, in 5 or 6 dimensions, Einstein-Gauss-
Bonnet gravity, which has received some attention recently. The Gauss-Bonnet Lagrangian
is the Euler characteristic in 4 dimensions. It is only for dimensions strictly greater than 4
that it yields non-trivial dynamics. The nice properties of Lovelock theory are of geometric
origin. Every even dimensional manifold, compact say for simplicity, has a generalised
Euler characteristic, which is a topological invariant, related to a curvature density under
1We thank B. Carter for discussions on this point.
2Typically in flat space we would have δ(n) ∼ δ(r)
rn−1
.
3Even for codimension 1 defects, things get more complicated as we reduce the relative symmetries of
the metrics we want to match. For example, one cannot match a Kerr metric with flat spacetime because
the bulk metric is not continuous.
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the Chern-Gauss-Bonnet theorem. The dimensional continuation of this curvature density
is the term to be included in the Lovelock action in one higher dimension. The Lovelock
action is thus the sum of increasing powers of the curvature operator. However, the intimate
relation of the curvature densities to topology gives field equations which are only up to
and linear in second derivatives of the metric. Moreover, the theory is unique, ie there are
no other curvature invariants with the above properties.
The catch is that the field equations in component language are of growing difficulty
once we go further than the Einstein-Hilbert term. Nevertheless, static Lovelock black
holes are known [13], [14] which are pretty similar to their Einstein versions and classical
black hole theorems such as Birkhoff’s theorem [15] and its extension have been shown to
be true [16] in Einstein-Gauss-Bonnet theory. On the other hand, the construction methods
of Einstein theory, leading for example to the black string, cannot be extended to Lovelock
theory [17] (see however the recent work of [19] and the work of Wheeler [18]). Also it has
been recently shown in the context of braneworlds that Lovelock terms can yield classical
instabilities to well defined Einstein solutions with negative tension branes [20].
In this paper, we show that Lovelock gravity has a property that Einstein gravity
in higher dimensions does not have and that is to permit localised sources of arbitrary
codimension. It has already been shown, recently, that Einstein equations could be obtained
on codimension 2 defects, if we allowed for the presence of the Gauss-Bonnet term in the
bulk Lagrangian [21] (see also [25], [26], [27]). Also, there have been several interesting
attempts to higher codimension braneworlds, from brane intersections [22], [23]. Here,
using the language of differential forms, in order to evade technical difficulties, we treat the
general problem. We demonstrate that, allowing for all Lovelock densities in the bulk, we
can obtain matching conditions for arbitrary codimension distributional p-branes. Unlike
Einstein gravity, the possibility of localising Dirac distributions in this theory are far richer
and more varied. We also give examples of maximally symmetric p-branes with locally
regular geometry. These matching conditions will generalise the matching or junction
conditions already known in the literature. Furthermore, we will show that, for even
codimension, the resulting equations of motion for the p-brane can in some cases be derived
from a p+1 dimensional action containing only induced curvature terms and in particular
the Einstein term.
The basic reason for the existence of higher codimension defects is that higher order
Lovelock densities will be seen to permit the embedding of higher dimensional distributions.
Thus one can have, say, a Dirac 1-brane embedded in 6 dimensional spacetime. The
gravitational field is very similar to that of a cosmic string in 4 dimensions. Spacetime is
locally flat. It is only topologically non-trivial with a solid angle defect removed from the
4 sphere (like a solid section cut-off from an orange). In Einstein theory, cosmic p-brane
solutions [28] describe p-branes in a spherically symmetric vacuum. They were found to
be singular and have been argued to describe a higher codimension defect. It is quite
interesting that a more complex theory such as Lovelock theory now yields simpler and
locally smooth solutions!
Mathematically, the derivation of the matching conditions follows Chern’s proof of the
Gauss-Bonnet theorem for the normal geometry of the brane [29]. The basic idea is the
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following: in order to embed a distributional brane, one needs to integrate out the normal
degrees of freedom. Since a Dirac distribution is insensitive to the internal structure of the
defect, one has to single out the terms which are invariant under changes of the geometry
in the normal section. The locally exact forms over the normal section will turn out to
play the central role in determining the matching conditions.
We will generically find that the matching conditions become less and less restrictive
as the codimension increases, which is not so surprising. Indeed, for a codimension 1
defect, one can construct an integrable submanifold, ie we can, due to Cauchy’s theorem,
reconstruct the whole of spacetime at least locally, given the position of the surface and
a well defined normal vector. In codimension 2 and higher, this is no longer true. The
matching conditions are simply necessary conditions for the geometry of the defect but in
no way are they sufficient to reconstruct the whole dynamics of the bulk spacetime. For
instance, the matching conditions for a codimension 2 braneworld are independent of the
presence of a bulk cosmological constant – something which is related to the self-tuning
properties of codimension 2 defects.
In section 2, we give the generalised Gauss-Codazzi equations in form and component
formalism and in section 3 we discuss the bulk dynamics in Lovelock gravity along with
Chern’s extension of the Gauss-Bonnet theorem. In Section 4, we lay out the mathematical
tools and prove the matching conditions in form formalism. This section can be skipped by
readers less interested in the mathematical proof and formalism. In section 5, we apply the
matching conditions to already known cases and develop new ones, giving in particular the
induced actions and equations of motion, where possible in component language. In Section
6, we give simple examples of matching conditions in Lovelock gravity. We summarize our
results and conclude. In the appendix we include some additional mathematical definitions,
proof of intermediate results and exact form calculations to be used in the fourth section.
2. Generalised Gauss-Codazzi equations
In this section, we set our notations and give a self contained review of the geometric
quantities we will be using for the rest of the paper. At the end of the section, we derive
the generalised Gauss-Codazzi equations.
Let (M,g) denote a smooth D-dimensional spacetime 4 endowed with a metric g and
let Σ be a timelike submanifold of dimension p + 1 and codimension N . In other words,
D = N + p + 1. Note that if N = 1, Σ is a timelike hypersurface. To every point
P of spacetime M , we associate an orthonormal local basis of the tangent space TPM ,
(eA)A∈[1,D], such that
g(eA, eB) = ηAB . (2.1)
We suppose furthermore that this basis is adapted to the submanifold Σ. Hence, for all P
in Σ, if (eµ)µ∈[1,D−N ] denotes the local orthonormal basis of the tangent space TPΣ and
(nI)I∈[1,N ] that of the normal sections (TPΣ)
⊥, then we have eA = (eµ, nI), the nI being
4Throughout this section we suppose that the metric tensor components are C2 functions locally. We
will be relaxing this assumption in Section 4
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the n normal vectors to the brane5 . Thus,
g(eµ, eν) = ηµν (2.2)
g(eµ, nJ) = 0 (2.3)
g(nI , nJ) = δIJ . (2.4)
This decomposition of the local basis on Σ can be extended locally, by continuity to the
bulk spacetime.
In order to set up the generalised Gauss-Codazzi equations, we need to define projection
operators onto TΣ and (TΣ)⊥ which we will call respectively π// and π⊥. Let θ
µ denote
the dual basis of eµ and θ
I that of nI , so that θ
µ(eν) = δ
ν
µ and θ
I(nJ) = δ
I
J . The 1-forms
θA = (θµ, θI) span the D-dimensional vector space of 1-forms Ω(1)(TM) of M . For an
(s, r)-type tensor of T (s,r)M , the relevant projection operators are
π// : T
(s,r)M → T (s,r)Σ
π⊥ : T
(s,r)M → (T (s,r)Σ)⊥ ,
projecting an arbitrary tensor of spacetime M onto the tangent and normal sections of Σ.
If H is such a tensor of M , we will denote the projections by H// and H⊥ respectively. For
example, for a (1, 1) tensor, we have the decomposition
H = HABeA ⊗ θB = Hµνeµ ⊗ θν +HµJeµ ⊗ θJ +HIνnI ⊗ θν +HIJnI ⊗ θJ
and, obviously, H// = H
µ
νeµ ⊗ θν and H⊥ = HIJnI ⊗ θ˜J . The spacetime metric, a (0,2)
tensor, is by definition
g = ηµνθ
µ ⊗ θν + δIJθI ⊗ θJ .
Via the projection π//, it gives rise to the first fundamental form h of Σ,
h = π//(g) = ηµνθ
µ ⊗ θν . (2.5)
Given a torsionfree metric connection ∇ on (M,g), we can define the spacetime con-
nection coefficients
∇eAeB = ΓCABeC . (2.6)
On the other hand, expanding on the adapted basis, we get the Gauss-Weingarten relations
∇eµeν = Γλµνeλ −KIµνnI ∇eµnI = KνµIeν − ωJµInJ (2.7)
∇nIeµ = −ω˜νIµeν + κJIµnJ ∇nInJ = −κµIJeµ + CKIJnK , (2.8)
where indices are raised and lowered using ηµν and δIJ . These relations are important for
they define the geometric quantities describing the embedding of Σ in M . For example,
the connection coefficients of Σ and of any integral submanifold of (TΣ)⊥ are respectively
Γλµν = θ
λ(∇eµeν) and CKIJ = θK(∇nInJ) = ΓKIJ . (2.9)
5Capital Latin indices from the begining of the alphabet will run over indices of the bulkM . Small greek
letters will run over indices of Σ, whereas Latin indices I, J, ... will run over indices of the normal sections.
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The extrinsic curvature components of Σ,
KIµν = −θI(∇eµeν) = −ΓIµν , (2.10)
symmetric in their greek indices, are the components of the second fundamental form of
Σ. Notice that since we also have KνµI = θ
ν(∇eµnI), the extrinsic curvature measures the
variation of the normal vectors along the tangential directions of Σ, thus describing the
curving of Σ in M . The extrinsic twist components,
ωJµI = −θJ(∇eµnI) = −ΓJµI ,
are antisymmetric in their latin indices and vanish identically for codimension 1 embed-
dings. The extrinsic twist describes how the normal vectors are twisted around when we
displace them in a tangent direction along Σ. The same definitions can be made, with re-
spect to (TΣ)⊥, for the respective twist ω˜νIµ and extrinsic curvature κ
µ
IJ components. The
induced connections on Σ and on any integral manifold of (TΣ)⊥ are respectively defined
using the spacetime connection ∇ via the projectors,
∇// ≡ π//(∇) (2.11)
∇⊥ ≡ π⊥(∇) . (2.12)
Both connections are, by construction, metric with respect to h and g − h.
A specification of the extrinsic and intrinsic geometries, satisfying the Gauss-Weingarten
equations, is generally not enough to define a submanifold Σ. What we still miss are in-
tegrability conditions relating the above geometric quantities to the ambient curvature of
the whole spacetime M . For the case of hypersurfaces, these integrability conditions are
related to the Gauss-Codazzi equations. In order to obtain the generalised integrability
conditions, we first define the connection 1-form and a curvature 2-form in M , find their
relevant projected counterparts on Σ and finally relate them to the ambient curvature
2-form.
The connection 1-form of M , ωAB , is defined by
ωAB = Γ
A
CBθ
C (2.13)
where ΓACB are the usual Christoffel symbols (2.6). We can decompose ω
A
B in the tangent,
mixed and normal sections,
ωAB =
(
ψµν KµI
−KIµ ψI J
)
. (2.14)
On using the Gauss-Weingarten relations (2.7) and (2.8) the “tangent” and “normal”
connection 1-forms on M are
ψµν = Γ
µ
ρνθ
ρ − ω˜µIνθI
ψIJ = −ωIµJθµ + CILJθL. (2.15)
Notice that both connection 1-forms are “corrected” by a term due to the twist, not
present for hypersurfaces. These are the connection forms associated to the local rotational
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invariance under SO(N) and SO(1,D − N − 1) of the local normal and tangent frames.
Notice now that the parallel projection ψµ//ν = Γ
µ
ρνθρ is just the induced connection 1-form
of Σ as one would expect. Similarly using (2.7) and (2.8) we obtain,
KIµ = KIνµθν − κIJµθJ . (2.16)
which takes care of the mixed components in (2.14) and we call extrinsic curvature 1-form.
Indeed its tangent projection on Σ is related to the usual extrinsic curvature,
KI//µ = KIνµθν . (2.17)
The ambient curvature 2-form is defined by
RAB = 1
2
RABCDθ
C ∧ θD , (2.18)
with respect to the spacetime Riemann tensor. It can be written as the sum of three
linearly independent 2-forms defined respectively by the projections on the parallel (TΣ)2,
mixed TΣ× (TΣ)⊥ and normal sections (TΣ)⊥ 2;
RAB = RA//B + R˜AB +RA⊥B, (2.19)
where
RA//B =
1
2
RABµνθ
µ ∧ θν (2.20)
R˜AB = RABµIθµ ∧ θI (2.21)
RA⊥B =
1
2
RABIJθ
I ∧ θJ . (2.22)
This decomposition will be essential in the next sections. On the other hand, the space-
time curvature 2-form is linked to the connection 1-form via the second Cartan structure
equation
RAB = dωAB + ωAC ∧ ωCB . (2.23)
In terms of the projections (2.14), this decomposes into the relations,
Rµν = dψµν + ψµλ ∧ ψλν −KµI ∧ KI ν (2.24)
RµI = dKµI + ψµν ∧ KνI +KµJ ∧ ψJ I (2.25)
RIJ = dψI J + ψIK ∧ ψKJ −KIµ ∧ KµJ (2.26)
These equations when projected into the parallel and perpendicular directions yield the
Gauss, Codazzi-Mainardi and Ricci-Voss equations, in form formalism (see also [30], [31]).
Indeed, notice that upon parallel and perpendicular projection, the second Cartan equation
(2.23) defines
Ωµ//ν = π//
(
dψµν + ψ
µ
λ ∧ ψλν
)
(2.27)
ΩI⊥J = π⊥
(
dψI J + ψ
I
K ∧ ψKJ
)
, (2.28)
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where Ω// and Ω⊥ stand for the induced curvature 2-forms respectively associated to the
induced metric connections (2.11) and (2.12). Therefore, the Gauss equation, for example,
is the parallel projection of (2.24) and, in form notation, it reads
Rµ//ν = Ωµ//ν −Kµ//I ∧ KI//ν . (2.29)
In the end, using the parallel projection of (2.16) and the definition (2.18) in (2.24), we get
the Gauss equation written in component form,
Rµ//νλρ = R
µ(ind)
//νλρ −KIνλK
µ
Iρ +K
I
νρK
µ
Iλ , (2.30)
since by definition
Ωµ//ν =
1
2R
µ(ind)
//νλρ θ
λ ∧ θρ . (2.31)
Proceeding in a similar way, one can obtain the Codazzi equation from (2.25) whereas the
Voss equation is obtained by the parallel projection of (2.26),
RI//Jµν = −∇eµωIνJ +∇eνωIµJ + ωIµKωKνJ − ωIνKωKµJ −KIµλKµJν +KJµλKµIν (2.32)
Notice that (2.26) is analogous to (2.24) but for the normal frame. The relevant Gauss
equation can be obtained by using π⊥,
RI⊥JKL = R
I(ind)
⊥JKL − κµJKκIµL + κµJLκIµK (2.33)
We will be making extensive use of Gauss’s equations (2.29), (2.30) and (2.33) later on in
order to pass from the ambient curvature to the induced and extrinsic curvature components
of Σ.
3. Euler densities and Lovelock Gravity: the dynamics of spacetime
Having laid down the tools for studying the geometry of the submanifold Σ embedded in
some spacetime M , we now review the dynamics of the bulk spacetime. In this section
we give the classical field equations of Lovelock gravity which generalise those of Einstein
gravity in more than 4 dimensions. What will be essential for what follows is the link of
Lovelock densities to the generalised Euler densities [11] of even dimensional manifolds.
The dynamics of the submanifold will be addressed in the following section.
The Lovelock action can be simply expressed in the language of forms (see for example
[32], [33], [34], [35]). This is simple enough, particularly neat and very instructive so we
do from scratch here. As noted in the previous section, the dual forms θA form a basis of
the vector space of 1-forms Ω(1)(TM). Their antisymmetric products can be used in order
to construct a basis of the higher order forms acting on TM : any k-form ω in Ω(k)(TM),
where (0 ≤ k ≤ D), can be written
ω = ωA1···Akθ
A1 ∧ · · · ∧ θAk (3.1)
with ωA1···Ak some smooth function. Now define a (D-k)-form,
θ⋆A1···Ak =
1
(D − k)!ǫA1···AkAk+1···ADθ
Ak+1 ∧ · · · ∧ θAD (3.2)
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where ǫA1······AD is totally antisymmetric in its D indices and ǫ12···D = 1. This quantity is
called the Hodge dual of the basis θA1 ∧ · · · ∧ θAk of Ω(k)(TM). It defines a dual basis of
D − k forms of Ω(D−k)(TM). We can therefore write the Hodge dual of any k-form as,
⋆ : Ω(k)(TM) → Ω(n−k)(TM)
ω = ωA1···Akθ
A1 ∧ · · · ∧ θAk → ⋆ω = ωA1···Akθ⋆A1···Ak (3.3)
Obviously, the wedge product of any form with its dual is a D-form, proportionnal to the
volume element of spacetime, θ⋆. A useful identity is
θB ∧ θ⋆A1...Ak = δBAkθ⋆A1...Ak−1 − δBAk−1θ⋆A1...Ak−2Ak + · · ·+ (−1)k−1δBA1θ⋆A2...Ak . (3.4)
This formalism allows for a closed definition of the action for Lovelock gravity. The
k-th Lovelock lagrangian density L(k) is defined by,
L(k) = RA1B1 ∧ . . . ∧RAkBk ∧ θ⋆A1B1...AkBk =
k∧
i=1
RAiBi ∧ θ⋆A1B1...AkBk (3.5)
Clearly, L(0) is the volume element, whereas aplying (2.18) and the identity (3.4) gives
L(1) = RA1B1 ∧ θ⋆A1B1 = Rθ⋆ , (3.6)
the Ricci scalar density and
L(2) = RA1B1 ∧RA2B2 ∧ θ⋆A1B1A2B2 = (RABCDRABCD − 4RABRAB +R2) θ⋆
is the Gauss-Bonnet density. Given definition (3.3), L(k) is obviously a D form and can
thus be integrated over spacetime M . Note that for k > D/2, (3.5) vanishes so that if
D = 4 say, then L(0), L(1) and L(2) are the only terms present in the action (although L(2),
as we will now see, turns out to be trivial). Indeed, if D is even, for k = D/2, the Lovelock
density LD/2 is simply the Euler density of M , ie
L(D/2) =
(D/2)∧
i=1
RAiBi ǫA1B1...AD/2BD/2 , (3.7)
whose integral over any D-dimensional compact manifoldM yields, according to the Gauss-
Bonnet-Chern theorem [29], the Euler characteristic (see for example [37]) of M ,
χ [M ] =
1
(4π)D/2(D/2)!
∫
M
L(D/2) . (3.8)
Since L(D/2) is a closed form, it is also locally exact from Poincare´ ’s lemma and therefore
does not yield any contribution to the field equations. In other words, it is a pure divergence
term. For example in D = 4, L(2) stands for the Gauss-Bonnet density whose integral is
the 4 dimensional Euler characteristic. For a D = 2k-dimensional compact manifold M ,
with boundary ∂M , this result generalizes to
χ [MD] =
1
(4π)D/2(D/2)!
[∫
MD
L(D/2) +
∫
∂MD
Φ(D,D/2−1))
]
, (3.9)
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where the (D − 1)-form Φ(D,D/2−1) reads [37, 29, 38, 39, 40],
Φ(D,D/2−1) =
D/2−1∑
m=0
D · (D − 2) · · · 2(m+ 1)
1 · 3 · · · (D − 2m− 1) ǫµ1···µD−1
(
m∧
l=0
Rµ2l−1µ2l
)
∧
(
D−1∧
l=0
KµlN
)
.
(3.10)
This is one of the Chern-Simons (D−1)-forms Φ(D,m), which will play a central role in the
next sections. The first non-trivial such term occurs for D = 2. In this case, the 1-form
Φ(2,0) reduces, up to a numerical factor, to the mean extrinsic curvature of the boundary
∂M1. In higher dimensions, this form can be extended to a D − 1 form,
Z(1) = 2KµN ∧ θ⋆//µ = 2K Vol∂MD (3.11)
for k = 1, where we have used (2.16) and (3.4) and N here denotes the unique normal
direction. This can be recognised as the integrand of the Gibbons-Hawking boundary term
[36]. For the Gauss-Bonnet case k = 2, the corresponding Chern-Simons form can be
extended to
Z(2) = 4
(
Rµν ∧ KρN + 2
3
KµN ∧ KνN ∧ KρN
)
∧ θ⋆//µνρ , (3.12)
which coincides with the Myers-boundary term [34].
The integral of the sum, for k < D/2, of all Lovelock densities L(k) is the most general
classical action for M , yielding up to second order field equations for the metric tensor.
This is the Lovelock action,
SD =
∫
M
[(D−1)/2]∑
k=0
αkL(k) , (3.13)
where the brackets stand for the integer part. The first three terms of this sum
SD =
∫
M
(
α0θ
⋆ + α1RAB ∧ θ⋆AB + α2RAB ∧RCD ∧ θ⋆ABCD + · · ·
)
(3.14)
are respectively the cosmological constant, Einstein-Hilbert and Gauss-Bonnet terms, yield-
ing the general classical action in D = 5, 6 dimensions. Notice that, with respect to the
Euler characteristic, there is a clean-cut seperation between even and odd dimensional
spacetimes, which will emerge again later on in the matching conditions.
A variation of the action (3.13) including matter, with respect to the frame, gives the
Lovelock equations
[(D−1)/2]∑
k=0
αkE(k)A = −2TABθ⋆B , (3.15)
where E(k)A is the k-th Lovelock (D-1)-form,
E(k)A =
k∧
i=1
RAiBi ∧ θ⋆AA1B1...AkBk (3.16)
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and we have chosen the normalisation according to
−12RA1B1 ∧ θ⋆CA1B1 = GACθ⋆A ,
so that the equations of motion read, in component formalism, GAB + · · · = TAB. For
completeness, we note that variation with respect to the parallel frame θµ of the boundary
terms (3.11) and (3.12) leads to junction conditions for hypersurfaces [41], [42].
4. Matching conditions
We consider a distributional source of codimension N on the RHS of (3.15) and investigate
under what conditions it can be matched by some distributional geometric charge provided
by the LHS of Lovelock equation. The general idea, that will guideline our search for
matching conditions, follows the derivation of Gauss’s theorem in electromagnetism: we
integrate (3.15) over an arbitrary N dimensional normal section to the brane, which we
denote Σ⊥. Given that the source term is a Dirac distribution, the value of this integral
must not depend on the choice of geometry of the normal section. This is similar to
neglecting the internal structure of a local Abelian-Higgs vortex or neglecting the internal
structure of a scalar field domain wall when investigating its zero thickness limit. Our
aim here is to set-up and seek the terms in the Lovelock (D − 1)-forms (3.16) which are
independent of the geometry of the normal section and can thus provide the distributional
charge for a Dirac distribution. This will lead us to the self-gravitating equations of motion
for Σ.
Let us therefore assume that the bulk energy-momentum is confined on a (D−N −1)-
brane which lies on the submanifold Σ of arbitrary codimension N . The stress-energy
tensor of the brane Σ reads
TAB =
(
Sµν 0
0 0
)
δΣ , (4.1)
where δΣ is the Dirac distribution on Σ as defined in the appendix A. We now consider
the local existence of a normal section Σ⊥P at point P , which is an open submanifold of M ,
satisfying the following important properties:
• Σ⊥P ∩Σ = {P}
• TPΣ⊥P = (TPΣ)⊥
• ∀Q ∈ Σ⊥P TQΣ⊥P = Vect(nI)Q
• Σ⊥P is homeomorphic to the N -dimensional compact disk DN and ∂Σ⊥P = Σ⊥P\Σ⊥P
The second and third points mean that the normal vectors (nI) are locally extended to the
bulk from P so as to span the tangent bundle of Σ⊥P . The last point means that ∂Σ
⊥
P is
homeomorphic to the (N − 1)-dimensional unit sphere SN−1, ie has the same topological
properties (in the sense that open neighborhoods of ∂Σ⊥P are mapped in open neighborhoods
of SN−1). This mapping will be important later on when characterising the topology of
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∂Σ⊥P . As an example, consider the case of an infinitesimal cosmic string. In this case, Σ
⊥
P
is simply the two dimensional cone, whereas ∂Σ⊥P is the reduced deficit circle.
We will have to integrate the equations of motion (3.15) over Σ⊥P . Doing so requires
the projection of (3.15) in such a way as to get N -forms on TΣ⊥. The (D−1)-forms (3.16)
and the stress-energy form TABθ
⋆B must therefore be projected onto Ω(D−N−1)(TΣ) ⊗
Ω(N)(TΣ⊥), so that we have an N -form on TΣ⊥, the parallel factor behaving as a 0-form,
ie as a mere function, with respect to integration over TΣ⊥. For this purpose, we construct
in Appendix A a projection operator iN (A.6), out of the interior product i on differential
forms (A.3). Applying (A.6) on the RHS of (3.15) gives us an N -form over (TΣ)⊥ as
required,
iN
(
TABθ
⋆B
)
= TAνθ
⋆ν
// ∧ θ⋆⊥ , (4.2)
where θ⋆ν// denotes the tangent Hodge dual of the tangent basis of Ω
(D−N−1)(TΣ) and θ⋆⊥
is the volume element of TΣ⊥. Therefore integrating over an arbitrary normal section Σ⊥P
according to (4.1), we have∫
Σ⊥P
iN
(
TABθ
⋆B
)
=
∫
Σ⊥P
SAνθ
⋆ν
// ∧ δΣθ⋆⊥ = SAν(P )θ⋆ν// . (4.3)
Here, we see rather trivially that the matter quantity (4.3) is purely topological, ie its value
does not depend on the geometry of Σ⊥P . The projected equations (3.15) give
[(D−1)/2]∑
k=0
αk
∫
Σ⊥P
iN
(E(k)A) = −2SAν(P )θ⋆ν// (4.4)
for any section Σ⊥P .
We now seek all the N -forms in iN
(E(k)A), whose integral over Σ⊥P (4.4) is independent
of the geometry of Σ⊥P . We proceed in two steps:
• vary the induced geometry of Σ⊥P while keeping the boundary fixed.
• Calculate the integral on the LHS of (4.4) while shrinking the boundary to P .
The intrinsic geometry of Σ⊥P is fully encoded in the way we extend the normal vectors
(nI) to the bulk, ie in the choice of the normal connection
6 ψI⊥J = CILJθL (2.15), as well as
the specification of the boundary ∂Σ⊥P . In the presence of a Dirac distribution, we expect
a removable singularity at P . The different choices of normal connection ψI⊥J correspond
to different regularised geometries in the neighborhood of P (see figure 2) and allow us
to use the Gauss-Codazzi formalism of section 2. Note that the geometries in question do
not need to be axially symmetric, their regularity suffices. We now set-up the coordinate
system for the smoothed out geometry: in order to perform the boundary integrals over
∂Σ⊥P , we adapt the normal basis to the boundary ∂Σ
⊥
P . We do it in such a way that the
radial vector, nN , is normal to the tangent space T (∂Σ
⊥
P ) and outward pointing (see figure
1). This latter choice induces an orientation on ∂Σ⊥P which is canonical (resp. reversed) in
6Remember that CILJ are the Christoffel symbols for TΣ
⊥.
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odd (resp. even) codimension, with respect to the orientation of (n1, · · · , nN ). This choice
also gives rise to a coordinate singularity at the location of the brane not to be confused
with the removable singularity at P (which has been smoothed out). Note in particular
that the vector nN is rather special and can only be extended as a globally non-vanishing
vector field over Σ⊥P\{P}. With respect to the embedding of the hypersurface ∂Σ⊥P into
Σ⊥P , this is just the GN gauge for the normal vector nN to ∂Σ
⊥
P . Then, we can decompose
the normal connection
ψI⊥J =
(
ψI˙
⊥J˙
ψI˙⊥N
ψN
⊥J˙
0
)
, (4.5)
with I˙ = (1, · · · , N − 1), much like we decomposed the bulk connection in (2.14). In this
decomposition, ψI˙⊥N = K
I˙
J˙N
θJ˙ constitutes the extrinsic curvature 1-form of ∂Σ⊥P and its
components are therefore singular at P . This is simply because ∂Σ⊥P is, by construction,
homeomorphic to the sphere SN−1(ǫ), whose extrinsic curvature goes like 1/ǫ at P . We
will assume that all the other components of the connection 1-form are regular on Σ, so
that the tangent and normal induced geometries are well defined along the brane. This, in
particular, implies that all the normal forms vanish at P , except ψI˙⊥N , since in turn θ
J˙ ∼ ǫ
at P . In simple words we have smoothed out the defect’s core with all possible normal
geometries described by ψI⊥J .
Having taken care of the technicalities concerning the coordinate system, we now vary
the normal connection over a given Σ⊥P . To do so, we consider the continuous set of normal
connections
∀t ∈ [0, 1] ψI⊥J (t) = ψI⊥J(0) + tξIJ (4.6)
with ξIJ = −ξJI . We further assume that (ξIJ)∂Σ⊥P = (ξ
IJ)P = 0, since at this stage, the
boundary is held fixed. The important technical result of appendix B demonstrates that
the only forms Ξ(N,k)µ, appearing in the LHS of (4.4), whose integrals are invariant under
(4.6) are locally exact with respect to d⊥.
For the second step, we apply Stoke’s theorem over Σ⊥P , noting however, that Ξ(N,k)µ
are not globally exact over Σ⊥P since the tangent vector fields over this section are singular at
P . By a standard geometric procedure however, (see for example tome 5 of [37]) they can be
pulled back to the associated sphere bundle where they become globally exact. This is due
to the fact that the sphere bundle admits, by construction, nowhere vanishing sections. Let
us briefly describe this here, the details can be found in [37]. The sphere bundle over Σ⊥P is
a manifold S2N−1 which is locally homeomorphic to Σ⊥P ×SN−1, that is, if Σ⊥P is covered by
neighbourhoods Ui, then S2N−1 is covered by neighbourhoods Ui×SN−1. A set of transition
functions, which we shall not discuss here, fixes the way the different neighbourhoods are
patched together to cover S2N−1. The sphere bundle admits, by definition, a smooth
projection map π0 : S2N−1 → Σ⊥P . To all points Q ∈ Σ⊥P , we associate π−10 (Q) = SN−1,
the sphere fiber above point Q. Conversely any vector field s : Σ⊥P → SN−1 defines a non-
vanishing section of the sphere bundle. The forms Ξ(N,k)µ can therefore be pulled back via
π∗0 to the sphere bundle, where there will always exist some potential (N − 1)-form σ(N,k)µ
such that
π∗0
(
Ξ(N,k)µ
)
= d⊥σ(N,k)µ . (4.7)
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Note, on the other hand, that nN : Σ
⊥
P \{P} → SN−1 defines a section of the sphere bundle.
Therefore π0 ◦ nN is the identity map over Σ⊥P \{P} and we have∫
Σ⊥P
Ξ(N,k)µ = lim
ǫ→0
∫
Σ⊥P \B(P,ǫ)
n∗N
(
π∗0 Ξ(N,k)µ
)
= lim
ǫ→0
∫
nN(Σ⊥P \B(P,ǫ))
d⊥σ(N,k)µ , (4.8)
where B(P, ǫ) is the ball of Σ⊥P of radius ǫ, centered on P (figure 1).
Now, we can apply Stoke’s theorem on the image of this section, to get7,
∫
Σ⊥P
Ξ(N,k)µ = (−1)D−N−1
(∫
∂Σ⊥P
n∗N σ(N,k)µ − lim
ǫ→0
∫
nN (∂B(P,ǫ))
σ(N,k)µ
)
= (−1)D−N−1
(∫
∂Σ⊥P
n∗N σ(N,k)µ − indP (nN )
∫
π−10 (P )
σ(N,k)µ
)
, (4.9)
where, in the last step, we have made use of the smoothness of the space-time manifold
inside B(P, ǫ)8 and of the definition of the index indP (nN) of the vector nN at P . The
latter is the integer coefficient that relates the integral over the sphere nN(∂B(P, ǫ)) and the
integral over the fiber π−10 (P ) = SN−1 above point P, and it only depends on the shape of
nN in the neighborhood of P . Due to the Poincare´-Hopf theorem [37], indP (nN ) = χ
[
Σ⊥P
]
.
This basically means that, once nN is adapted to the boundary, it is the topology of Σ
⊥
P
that fixes the shape of nN around P , [37].
Let us pause at this point to make the connection with Chern’s proof of the Gauss-
Bonnet theorem [29]. Indeed, (3.9) follows from (4.9), where we set Ξ(N,k)µ = L(D/2), the
Euler density (3.7), and we show that π∗0 L(D/2) = dΦ(D/2,D/2−1) [37, 29]. Chern’s form
Φ(D/2,D/2−1) is precicely the boundary term (3.10). In our generic case, since the normal
section is homeomorphic to the unit disk, we know that indP (nN ) = 1.
In the sequel, the second term in the RHS of (4.9) will be called the charge of σ(N,k)µ
at P ,
q(N,k)µ(P ) ≡ (−1)D−N−1
∫
π−10 (P )
σ(N,k)µ . (4.10)
Stepping back, it is clear that if the charge is zero, (4.9) reduces to the usual Stoke’s
theorem, the form (4.7) being globally exact. It turns out (see Appendix C) that all
charged forms are given in terms of the normal induced Chern-Simons (N − 1)-forms over
the associated sphere bundle [29],
Π⊥(N,m) ≡ ǫI˙1···I˙N−1
(
m∧
l=1
Ω
I˙2l−1I˙2l
⊥
)
∧
(
N−1∧
l=2m+1
ψI˙l⊥N
)
, (4.11)
7As discussed in appendix A, d⊥ is not the differential operator of Σ
⊥
P but merely the projection of d.
This is the origin of the overall minus sign.
8Thanks to the invariance of these integrals under (4.6), we can always smooth out the interior of B(P, ǫ),
interpolating thus between P and ∂Σ⊥p .
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ie they come from the k ≥ N/2 terms. Note that for m = 0 in (4.11), we have the maximal
power of ψI˙⊥N . Furthermore, it is useful to define the (N − 1)-form9
Φ⊥(N,i) =
i∑
m=0
2(i+ 1) · · · 2(m+ 1)
(N − 2i− 1) · · · (N − 2m− 1) Π
⊥
(N,m) . (4.12)
The relevant potential terms (see Appendix (C) for their derivation) are decomposed in
terms of (4.11) and are given by
σ(N,k)µ =
min([N/2],k−N+[N/2])∑
j=0
B(k,j) σ//(N,k,j)µ ∧Φ⊥(N,[N/2]−1−j)−B(k,0) (N − 2 [N/2])H(N,k)µ ,
(4.13)
where for branes of odd codimension, we have an extra term (C.12). We have set
B(k,j) =
(−1)D−N−1 2N−2[N/2]+2jk!
(N − 2[N/2] + 2j)!(k −N + [N/2] − j)!([N/2] − j)!
and the parallel forms
σ
//
(N,k,j)µ =

k−N+[N/2]−j∧
l=1
Rλlνl//

 ∧

N−2[N/2]+2j∧
l=1
Kρl//N

 ∧ θ⋆//µλlνlρl , (4.14)
which are powers of R// and K// and behave as mere functions with respect to integration
over the normal sections. The potential forms (4.13), as seen from the bulk spacetime,
are D − 2-forms of Ω(D−N−1)(TΣ)⊗ Ω(N−1)(TΣ⊥). Finally, and this is important for the
explicit calculations, the Lovelock rank k, the spacetime dimension D and the codimension
N must obey the inequality
N/2 ≤ k ≤
[
D − 1
2
]
, (4.15)
which selects in particular the Lovelock bulk terms L(k) that can carry a Dirac charge.
Equation (4.13) is the main mathematical result of this paper. It enables us to give the
matching condition for a brane of arbitrary codimension. To get an intuitive idea of (4.13),
note that when k takes its minimal value, k = N/2 (for N even), the potential reduces to
σ(N,N/2)µ = (−1)D−1θ⋆//µ ∧Φ⊥(N,N/2−1) , (4.16)
which, remember, is related to the the potential for the Euler density,
π∗0L⊥(N/2) = d⊥Φ⊥(N,N/2−1) , (4.17)
of the normal section Σ⊥P . On the other hand, for even N and k ≥ N/2, the first term in
the sum, j = 0, of (4.13) has parallel part
σ
//
(N,k,0)µ =

k−N/2∧
l=1
Rλlνl//

 ∧ θ⋆//µλ1ν1···λk−N/2νk−N/2 , (4.18)
9Note in particular that for N = D and i = D/2 − 1, (4.12) gives the familiar boundary term of the
Lagrangian density (3.10).
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ie a power of the parallely projected curvature 2-form, and the perpendicular part is again
the potential for the Euler density (4.17). According to Gauss relation (2.29), the form
R// is related to the induced curvature 2-form of Σ, Ω//. Therefore, in (4.18) and thus in
(4.13), we are a priori going to pick up the induced Lovelock densities of Σ (3.16). If N is
odd, we will have an odd power of K in (4.14). We will explicitely see this in a moment.
P
ΣP
⊥
B(P,   )ε
Nn
n I
.
ΣP
⊥
Figure 1: Bird’s eye view of the normal section Σ⊥
P
. The brane’s internal dimensions are reduced
to point P.
We can now calculate the charge (4.10) at point P . To do this, note that the integral
is taken over the fiber SN−1 above P and therefore the (N −1)-forms (4.12) will contribute
through the maximal power of ψI˙⊥N , ie through
10 Π⊥(N,0) = (−1)N−1(N − 1)!VolSN−1 . We
get, using (4.12) and (4.13),
q(N,k)µ(P ) = (−1)N−1 D(N,k) Area(SN−1)σ//(N,k)µ(P ) , (4.19)
where we have the parallel form
σ
//
(N,k)µ =
min([N/2]−1,k−N+[N/2])∑
j=0
C(k,j) σ//(N,k,j)µ (4.20)
and
D(N,k) =
{
22n−1k!(n − 1)! if N=2n
2n+3k! if N=2n+1
(4.21)
are constants independent of j. We also have
C(k,j) =
{
1
j!(k−n−j)! if N=2n
j!22j
(k−n−j−1)!(2j+1)! if N=2n+1
(4.22)
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ΣP
ε
P
B(P,  )ε
PΣ
B(P,  )ε
Figure 2: The normal section Σ⊥
P
. The cone has been regularised here by an axially symmetric
metric. Note that the first integral in (4.24) refers to the boundary shrinking to the tip of the
cone whereas the latter to the smoothed out charge at P . Their difference gives the geometric
distributional charge.
We show in Appendix C that the charge of H(N,k) is zero.
We can now write the matching conditions for a brane of arbitrary codimension,
[(D−1)/2]∑
k=[N/2]
αk
[
q(N,k)µ
]
(P ) = −2Sµν(P )θ⋆//ν , (4.23)
where [
q(N,k)µ
] ≡ lim∫
∂Σ⊥
P
→0
(−1)D−N−1
∫
∂Σ⊥P
n∗N σ(N,k)µ − q(N,k)µ(P ) 6= 0 (4.24)
is the discontinuity in the charge when passing from the brane to the bulk and the potentials
σ(N,k)µ are given in (4.13). The first and second terms in (4.24) are of different nature if
and only if the RHS of (4.23) is non-vanishing. In loose terms the former integral takes
account of the Dirac singularity whereas the latter is the charge of the “smoothed out
defect”. For the case of the cosmic string, as we will see in the next section, the former is
the cone’s exterior geometry giving the string defect β, whereas the latter is the charge of
the smoothed out geometry giving simply 1 (see figure (2)). We remind the reader that N
is the codimension of the brane, k is the rank of the Lovelock density (with k = 1 for the
Einstein term) and D is the spacetime dimension.
10The sign originates from the orientation of the boundaries, which is canonical (resp. reversed) in odd
(resp. even) codimension, so that nN is always outward pointing.
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In the next section, we will put the matching conditions to application, starting with
known cases and then focusing on cases of physical interest. The important point to
remember is that the potential (4.13) is given in terms of the Chern-Simons forms (4.11),
which are integrated out over the sphere, and a parallel part σ
//
(N,k)µ, which will end up
giving the equations of motion for the brane.
5. Action and equations of motion for a brane of arbitrary codimension
Let us now analyse the matching conditions (4.23) at hand. In view of the discontinuity
(4.24), we need to get a jump from the potentials σ(N,k)µ as we shrink the boundary ∂Σ
⊥
P to
P . Given the decomposition of σ(N,k)µ into normal and parallel components (4.13), there
are a priori three seperate ways to achieve this:
• (I) the parallel components σ//(N,k)µ, (4.14), are smooth and the jump thus comes
from the perpendicular part of σ(N,k)µ, ie (4.12). We refer to this case as the purely
topological case for reasons that will become apparent in a moment.
• (II) the perpendicular part of σ(N,k)µ, ie (4.12), is smooth and the jump originates
solely from σ
//
(N,k)µ, (4.14). This is always the case for matching conditions involving
hypersurfaces, N = 1, [1],[41],[42]
• (III) both parts in (4.13) are discontinuous. For N = 2 and D = 6, this case yields
the results of [21].
For (I), a discontinuity in the perpendicular components originates from the Chern-
Simons forms, (4.11). This means, according to (4.19), that the area of the boundary
surrounding the normal section, ie the limit of the integral in (4.24), must be different
from the charge at P , which is proportional to Area(SN−1), (4.19). Therefore, we must
have a topological defect at the location of Σ, permitting the discontinuity in (4.24). For
codimension 2, N = 2, the topological defect is nothing but the conical deficit obtained by
reducing the circumference of S1 by 2π(1 − β). Similarly, a topological defect for any N
can simply be realised by cutting a solid angle (1 − β)Area(SN−1) from SN−1 11, as one
does for the far field of a global monopole, N = 3, in Einstein gravity (see for example
[43]). For the topological case, using (4.24), the matching conditions read
(1− β(P ))Area(SN−1)
[(D−1)/2]∑
k=[N/2]
(−1)NαkD(N,k)σ//(N,k)µ(P ) = −2Sµν(P )θ⋆//ν , (5.1)
where the equations of motion are essentially given by the geometric terms (4.14) and β
a priori depends on the position P along the brane. This is clearly the simplest of cases
and the one preserving the most mathematical regularity for the spacetime metric, since
both the induced and extrinsic brane geometry are regular at P . We will argue later on
in this section that the topological matching conditions are the ones adequate for even
codimension branes.
11We shall see in the next sections precise examples of this
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In (II) on the contrary, the topology is trivial and the discontinuity originates from
the parallel components (4.14). In particular, given that the equations of motion in the
bulk are of second order in the metric and that the metric is thus necessarily continuous at
P , the discontinuity can only originate from the extrinsic curvature 1-forms (2.16). This
is always the case with matching conditions involving hypersurfaces, N = 1, since there is
no geometry in the normal sections, specifically Π⊥(1,0) = 1. The matching conditions read,
Area(SN−1)
[(D−1)/2]∑
k=[N/2]
(−1)NαkD(N,k)

 lim∫
∂Σ⊥
P
→0
σ
//
(N,k)µ|∂ΣP⊥
− σ//(N,k)µ(P )

 = 2Sµν(P )θ⋆//ν .
(5.2)
In (III), the jump comes from a global discontinuity in (4.13). Note that this case is
possible only because the perpendicular (4.12) and the parallel components (4.14) in (4.13)
combine to give a total differential obeying (4.7). This permits us to consider distributions
in the first place (see Appendix C). The importance of this case will become manifest in
the next section, when treating specific examples for odd codimension defects.
As a first step, we now make the connection to known boundary conditions for Einstein
and Gauss-Bonnet gravity, starting with codimension N = 1. The only normal induced
Chern-Simons form in (4.11) is the trivial one, Π⊥(1,0) = 1, and, as we mentioned above,
a charge can only originate from a discontinuity in the parallel part, case (II). Replacing
directly into (4.13) and using (2.29) and (3.4), we get in turn for the Einstein and Gauss-
Bonnet terms,
σ
//
(1,1)µ = 2Kν//N ∧ θ⋆//µν = −2 (Kνµ − δνµK)θ⋆//ν
σ
//
(1,2)µ = 4Kν//N ∧
(
Ωρλ// −
1
3
Kρ//N ∧ Kλ//N
)
∧ θ⋆//µνρλ
= −4(3Jνµ − Jδνµ − 2P νλρµKλρ)θ⋆//ν , (5.3)
where we have set
Jµν =
1
3
(2KKµλK
λ
ν +KλρK
λρKµν − 2KµλKλρKρν −K2Kµν),
Pµνλρ = Rµνλρ + 2Rν[λgρ]µ − 2Rµ[λgρ]ν +Rgµ[λgρ]ν
and we have dropped the label N for the extrinsic curvature components. Replacing into
the matching conditions (5.2) and taking the corresponding left and right limits (the charges
(4.19) cancel out here), one gets the well-known junction conditions for Einstein [1] and
Einstein-Gauss-Bonnet gravity [41, 42]. Not surprisingly, the equations of motion can be
derived from the boundary action, after variation with respect to the induced frame θν on
the left and right side of the brane. In differential form language the action is obtained
trivially from (5.3),
SΣ = 2α1
∫
Σ
Kν//N ∧ θ⋆//ν + 4α2
∫
Σ
Kν//N ∧
(
Ωρλ// −
1
3
Kρ//N ∧ Kλ//N
)
∧ θ⋆//νρλ (5.4)
and agrees with the Gibbons-Hawking [36] and Myers [34] boundary terms (3.11), (3.12).
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We now consider the codimension 2 case, N = 2. Here, things are quite different for the
potentials of the charged exact forms (4.20) coming from the Einstein and Gauss-Bonnet
terms,
σ
//
(2,1)µ = 2θ
⋆//
µ , σ
//
(2,2)µ = 4Rνρ// ∧ θ⋆//µνρ . (5.5)
The charges are trivially obtained from (4.19) and they involve Π⊥(2,0). This time, the
normal section has the topology of the unit 2-dimensional disk. What is particularily
interesting for the comprehension of the matching conditions is that all three cases are
possible for the Gauss-Bonnet potential term. Indeed, starting with the Einstein term, we
see from (5.5) that since the tangent frame is smooth, the associated charge (4.19) can only
be purely topological, [
q(2,1)µ
]
= 4π(1− β) θ⋆//µ , (5.6)
and refers to the conical deficit of Σ⊥P -in particular, this yields the matching conditions
for a cosmic string in D = 4. For the Gauss-Bonnet term, it is useful to decompose the
projected curvature operator Rνρ
//
using Gauss relation (2.29),
σ
//
(2,2)µ = 4(Ω
νρ
// ∧ θ⋆//µνρ −KνI// ∧ Kρ//I ∧ θ⋆//µνρ) , (5.7)
where, note the summation over the normal index I. Since the induced curvature 2-form
Ωνρ// of Σ is smooth by hypothesis, the charge is topological for the first term in the RHS
of (5.7). For the second term however, one can ask for a jump of the whole term, yielding
the most general contribution in (4.24),
[
q(2,2)µ
]
= 8π(1 − β)Ωνρ// θ⋆//µνρ + 8π
[
β˜KλI// ∧ Kρ//I ∧ θ
⋆//
µλρ
]
(5.8)
= −16π(1 − β)G(ind)νµ θ⋆//ν + 16π
[
β˜ W νµ
]
θ⋆//ν , (5.9)
where we have introduced the tangent induced Einstein tensor G
(ind)
µν , and we have set [21],
[26],
W λµ = K
νI
µ K
λ
νI −KIKλµI +
1
2
δλµ
(
KIK
I −KνIρ KρνI
)
(5.10)
and
β˜ ≡
{
1 on the brane
β in the bulk
(5.11)
This obviously corresponds to the 3rd bullet point. The matching conditions (4.23) in this
case read,
2π (1− β(P ))
{
−α1hµν + 4α2G(ind)µν
}
− 8π α2
[
β˜Wµν
]
= Sµν . (5.12)
This result generalises that derived in [21] (see also [26]), where axial symmetry and the
vanishing of the extrinsic curvature KµνN on the brane were assumed. These matching con-
ditions ask for a singular behaviour of the extrinsic curvature terms, as well as a topological
charge. This is rather constraining and mathematically not necessary. Let us now relax
either of these assumptions.
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If β = 1, ie there is no topological charge at all, the Einstein term yields no contribution
and the matching conditions are very much reminiscent of those for hypersurfaces,
−8π α2 [Wµν ] = Sµν . (5.13)
This is of course bullet point 1. Note that this case does not allow at all for matching
conditions for Einstein gravity and can therefore be rejected as unphysical. However, let
us suppose now that the extrinsic curvature terms are regular, ie Wµν is continuous, and
therefore the charge is only topological. Note then that Wµν on the brane only depends on
the normal extrinsic curvature, ie we set I = N in (5.10), since, by regularity, any angular
extrinsic curvature terms are zero on the brane’s location. This yields the most natural
case that agrees, on the one hand, with the cosmic string calculation in Einstein gravity
and, on the other hand, with maximal regularity of the spacetime metric. We obtain,
2π (1− β(P ))
{
−α1hµν + 4α2G(ind)µν + 4α2Wµν
}
= Sµν(P ) . (5.14)
Both for (5.12), [21], as well as for the topological matching condition (5.14), we see that
the bulk Einstein term, k = 1, only allows for a pure tension brane, ie for a cosmological
constant term in the matching conditions, while the Gauss-Bonnet term allows for arbitrary
matter with an induced Einstein equation on the brane [21]. Some comments are now in
order concerning the bulk degree of freedom β = β(P ). In particular, note that the
matching conditions, ie the distributional part of the Lovelock tensor, do not permit us
to evaluate this function. The remaining bulk equations have to be used in order to do
so. Indeed, we emphasize that here, we have only calculated the distributional part of the
Lovelock equations which yield the matching conditions. This, of course, is not sufficient
to guarantee a full solution of the bulk field equations. Nevertheless, already at the level of
(5.14), the effect of this scalar function is similar to a Brans-Dicke field, varying the coupling
of gravity to matter on the brane and thus breaking the equivalence principle for a brane
observer. Such effects are heavily constrained by local gravity experiments (see [24]), where
stringent observational bounds can be put on the variation in time of the function β. One
also expects that, if β is varying, the brane will be radiating gravitational waves into the
bulk 12. These are very interesting issues which demand further work, but in order to
present the matching conditions here, let us suppose for what follows that β is constant. In
this case, there is an additional remarkable property of the topological matching conditions,
which is due to the fact that the extrinsic geometry is regular. The equations of motion
actually originate from a simple action involving induced and extrinsic quantities over
Σ. In other words, the degrees of freedom associated to the normal section are completely
integrated out, giving an exact action for the brane’s motion. In differential form language,
it is straightforward to read off the langrangian density in question. Literally, take out the
free index for the charge in (5.8) and use Gauss (2.30) to get,
S
(p=3,n=1)
Σ = 4π(1 − β)
∫
Σ
(
α1θ
⋆// + 2α2(R
νρ
// ∧ θ⋆//νρ )
)
+
∫
Σ
Lmatter
= 4π(1 − β)
∫
Σ
√
−h
(
α1 + 2α2(R
ind −K2 +K2µν)
)
+
∫
Σ
Lmatter , (5.15)
12We thank Giorgos Kofinas for discussions on this.
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ie the cosmological constant plus Einstein-Hilbert action with an extrinsic curvature term.
In other words, the only bulk quantity entering in the equations of motion is the extrinsic
curvature of the surface, giving a matter like component in the action. If this is set to zero,
ie when Σ is totally geodesic, we have a cosmological constant plus Einstein gravity as an
exact equation of motion for the brane. Note that the overall mass scale of the integrated
4-dimensional theory is free and is set by the topological defect β. Furthermore, we see
a kind of pattern appearing between the Lovelock densities in the bulk and the reduced
ones on the brane. This “reduction”, from Gauss-Bonnet in the bulk (k = 2) to Einstein
gravity on the brane and from Einstein in the bulk (k = 1) to a cosmological term on the
brane, is a general feature that applies to higher order Lovelock densities and higher even
codimension. The origin is again topological as we will see now.
Indeed, let us now assume that N = 2n is even. Let us also suppose that we have a
p-brane, ie D − 2n = p+ 1. This means, (4.15), that the Lovelock rank must satisfy
n ≤ k ≤ n+
[p
2
]
. (5.16)
For a 1-brane, we have k = n, ie only a cosmological constant term k˜ = k − n = 0,
S
(p=1,n)
Σ = (1− β)Area(S2n−1))
∫
Σ
α˜n
√
−h , (5.17)
where we have set α˜k = D(2n,k)αk and have taken β constant. In turn, for a (p = 3)-brane
embedded in higher codimension, n > 1, we have k = n and k = n + 1. The topological
matching condition (5.1) gives
α˜nθ
⋆//
µ + α˜n+1(Rνρ// ∧ θ⋆//µνρ +Kν//N ∧Kρ//N ∧ θ⋆//µνρ) =
2
(β − 1)Area(SN−1)Sµ
ν(P )θ⋆//ν . (5.18)
This equation tells us a remarkable property of 3-branes, for if we now use Gauss equation
(2.29), the “squared” extrinsic curvature form cancels out leaving Einstein’s equation with
a cosmological constant!13 The 3-brane action is simply
S
(p=3,n>1)
Σ = Area(SN−1)(1− β)
∫
Σ
√
−h
(
α˜n + α˜n+1R
ind
)
+
∫
Σ
Lmatter (5.19)
and is valid as long as codimension is even and n > 1. The Planck scale14. on the 3-brane
is
M2P l = (1− β)Area(SN−1)α˜n+1 . (5.20)
Note that only the topological matching conditions exist here, for there are no extrinsic
curvature terms at all! In a nutshell, we have a dimensional reduction from the Euler
densities of the bulk to the induced Euler densities on the brane. This has two important
consequences. If we are for example in D=10 dimensions, it is the highest order Lovelock
density, k = 4, that precicely gives us the Einstein contribution on the brane. In turn,
the k = 3 density will give an induced cosmological constant. The bulk Einstein term, for
13Note that for n = 1, the “squared” extrinsic curvature form in (5.18) is absent.
14If β was varying its variations would have to be small in order to satisfy local gravity experiments [24]
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example, contributes nothing since it cannot carry a Dirac charge! We obtain the most
general dynamics as far as the induced geometry of the brane is concerned. The order of
the induced Lovelock density is simply k˜ = k − n and obeys (5.16)
0 ≤ k˜ ≤
[p
2
]
. (5.21)
It turns out, [44], that the extrinsic curvature terms identically drop out, leaving a
pure induced Lovelock brane action for any p-brane, as long as[p
2
]
+ 1 ≤ n . (5.22)
This means that the worldvolume dimension is less than or equal to the brane’s codimen-
sion. If we now consider a 5-brane, we have k = n which gives a cosmological constant
term (k˜ = 0), k = n+ 1 which gives the induced Einstein term and no extrinsic curvature
corrections (k˜ = 1), and in addition k = n + 2 which yields a Gauss-Bonnet dynamical
term on the brane (k˜ = 2). Explicitely, for k = n+ 2, we have the potentials
σ
//
(2,3)µ
= Rνρ
//
∧Rλσ// ∧ θ⋆//µνρλσ (5.23)
σ
//
(4,4)µ =
(
1
2Rνρ// ∧Rλσ// +Rνρ// ∧ KλN// ∧KσN//
)
∧ θ⋆//µνρλσ , (5.24)
which are valid for n = 1 and n = 2 respectively. Note then, that the first term in each
sum yields the Gauss-Bonnet tensor once we trade Rνρ// for the induced curvature 2-form
Ωνρ// by Gauss equation. For n ≥ 3 (5.22), the extrinsic curvature terms drop out, giving
us the induced Gauss-Bonnet tensor on the brane,
σ
//
(2n,n+2)µ =
1
2
(
Rνρ// ∧Rλσ// + 2Rνρ// ∧KλN// ∧ KσN//+
+ KνN// ∧ KρN// ∧ KλN// ∧ KσN//
)
∧ θ⋆//µνρλσ
=
1
2
Ωνρ// ∧ Ωλσ// ∧ θ
⋆//
µνρλσ . (5.25)
Therefore, the 5-brane action reads
S
(p=5,n≥3)
Σ = Area(SN−1)(1− β)
∫
Σ
√
−h
(
α˜n + α˜n+1R
ind
+α˜n+2(R
µνλρ
(ind)R
(ind)
µνλρ − 4Rµν(ind)R(ind)µν +R2(ind))
)
+
∫
Σ
Lmatter , (5.26)
ie the general Lovelock action for a 5-brane. This is a general feature for even codimensions:
Any p-brane of even codimension, embedded in a D ≥ 2(p + 1)−dimensional spacetime,
obeys exactly the induced Lovelock equations! At the level of zero thickness, there are no
degrees of freedom originating from the bulk spacetime apart from the topological charge
β. In particular, an observer on a 3-brane will have no way of knowing that he is embedded
in a 10 dimensional spacetime, up to finite width corrections. Lastly, we argue that in the
case of even co-dimension one should consider topological matching conditions. Indeed the
first reason as we emphasized earlier on is mathematical regularity. There is no reason
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to impose discontinuous geometric quantities if the Lovelock equations do not explicitely
demand it. The second reason comes from the nice physical properties of the topological
conditions. As we saw we can write down an induced action for the brane which remarkably
integrates out all the bulk degrees of freedom. In particular, if condition (5.22) is satisfied
no extrinsic curvature terms appear in the actual matching conditions and therefore only
topological matching conditions are possible.
For odd codimension, N = 2n + 1, we will concentrate only on the general matching
conditions (4.23). This is motivated by the maximally symmetric example we will discuss
in the next section. From (4.15), we have
n+ 1 ≤ k ≤ n+
[
p+ 1
2
]
. (5.27)
We will always have odd powers of the extrinsic curvature form K in the matching condi-
tions, so there will never be an induced Einstein term on its own. This is to be expected
from the junction conditions for hypersurfaces. When k = n+
[
p+1
2
]
, ie k has its maximal
value, we have 0 ≤ j ≤min(n,
[
p+1
2
]
). Depending again on the magnitude of n, we will
pick up all or some of the geometric quantities. For the case of a 3-brane of codimension
N = 3, the relevant charges in (4.23) are
q(2n+1,n+1)µ =
[
β˜KρN//
]
∧ θ⋆//µρ (5.28)
q(n=0,2)µ = q(n=1,3)µ =
[
β˜Rνσ// ∧ KρN//
]
∧ θ⋆//µνσρ , (5.29)
whereas if N > 3, we obtain an additional term (5.28) for k = n+ 2, yielding
q(n>1,n+2)µ =
([
β˜Rνσ// ∧KρN//
]
+
2
3
[
β˜KνN// ∧ KσN// ∧ KρN//
])
∧ θ⋆//µνσρ , (5.30)
which is just an extension of the Myers boundary term [34], but for a 3-brane. In other
words, if [
p+ 1
2
]
≤ n (5.31)
is satisfied, then the matching conditions will only involve the dimensional continuation of
Chern-Simons forms on Σ.
6. Maximally symmetric 1-branes of higher codimension
The matching conditions we discussed in all generality in the previous section are only
necessary conditions for the existence of higher codimension Dirac branes. Indeed, the
matching conditions only depend on the µν-components of the Lovelock equations (3.15)
and unlike hypersurfaces do not give Cauchy type conditions for the local reconstruction
of the bulk spacetime. In this section, we construct simple spacetime solutions that carry
a brane of Dirac charge. We concentrate on cases of maximal symmetry both for the bulk
and for the brane. Such solutions, as we will argue, do not exist for Einstein gravity.
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6.1 The codimension 3 case
Consider a maximally symetric 1-brane embedded in a 5-dimensional static spacetime of
axial symmetry about the brane. We call r, the proper distance to the brane. Then, let
A(r) be the brane warp factor and L(r) the size of the 2-spheres. We thus have
ds2 = A2(r)
(
−dt2 + e2kt dz2
)
+ dr2 + L2(r)
(
β−2 dθ2 + sin2 θ dφ2
)
. (6.1)
Note that in order for the induced geometry of the brane to be adS, one can Wick rotate t
and z in (6.1), to obtain a flat slicing of adS. The stress-energy tensor of the brane located
at r = 0, is taken to be
T tt = T
z
z = σ
βδ(r)
4πL2
, (6.2)
with all the other components vanishing. We have odd codimension and, since n = 1, we
have Lovelock density up to k = 2. From (5.27), we know that the only possible charge
comes from the Gauss-Bonnet term L(2), whose components read
Htt = H
z
z =
4
AL2
fˆ ′ +
4
A
[f ]
δ(r)
L2
(6.3)
Hrr =
4L′2
(
k2 − 3A′2)+ 4β2 (A′2 − k2)
A2L2
(6.4)
Hθθ = H
φ
φ = 4
((
k2 −A′2)L′)′
A2L
, (6.5)
with f = A′
(
β2 − L′2). As usual, the square brackets denote the jump and ˆ the smooth
part. Given (6.3), we can get a Dirac distribution centered on the world-sheet, provided
that f is discontinuous at r = 0. 15 To make things simple, let us first consider a pure
Gauss-Bonnet equation, HAB = 0, since this is the only term that will provide a charge.
The general solution reads,
L(r) = lr , A(r) = ar + r0 . (6.6)
There are now at least two different ways, using the spacetime topology, to obtain a distri-
butional charge. We either introduce a uniform solid angle defect (like the global monopole)
for the entire spherical section or we introduce a defect angle in the direction of the axis
θ = 0. The former is achieved by setting β = 1 in (6.1) and l 6= 1. However, the solutions
(6.6) generically have a curvature singularity16 as r → 0, as can be seen from the divergence
of the Ricci scalar,
R ∼ −8 A
′
A
L′
L
+ 2
(
β2 − L′2)
L2
. (6.7)
In order to avoid such a singularity in the vicinity of the brane, we consider the latter case,
L′ ∼ β and A′ ∼ 0 , (6.8)
15Note that (6.5) cannot carry a 3 dimensional distributional charge since it is not divided by a sufficient
power of L.
16Note here that finding smooth solutions to the pure Gauss-Bonnet equations (6.3-6.5) does not guarantee
the absence of singularity in the Riemann curvature!
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as r goes to zero and therefore
f(r) =
{
0 if r = 0+
a(1 − β2) if r = 0 (6.9)
to get the desired Dirac distribution. Note here that the matching conditions have to be
mixed (III)! They cannot be only topological for then we would have a singular spacetime
metric. Let us also point out that the matching conditions do not suffice to guarantee the
good behaviour of the spacetime metric. Replacing directly into (4.4), we get in turn,
α2
∫
ΣP
dr dθ dφL2 sin θ
β
[A′(β2 − L′2)] δ(r)
AL2
= −4πα2
βr0
a(β2 − 1) = σ , (6.10)
where the powers of L drop out, giving the usual 1-dimensional Dirac distribution. In the
end,
4πα2
a
βr0
(1− β2) = σ (6.11)
and we have a pure Gauss-Bonnet 1-brane of codimension 3. We should note however at
this point that our construction introduces a conical singularity along the polar axis θ = 0,
not only at r = 0.
Now that we have understood how to build a Dirac distribution out of the Gauss-
Bonnet term, we can extend the simple calculation to the full Lovelock theory, with field
equations
ΛδAB + ζ G
A
B + αH
A
B = 0 . (6.12)
We get in the bulk,
Λ + ζ
(
A′′
A
+ 2
A′
A
L′
L
+ 2
L′′
L
+
L′2 − β2
L2
)
+ 4α
(
A′
(
β2 − L′2))′
AL2
= 0 (6.13)
Λ + ζ
(
A′2 − k2
A2
+
L′2 − β2
L2
+ 4
A′
A
L′
L
)
+ 4α
L′2
(
k2 − 3A′2)+ β2 (A′2 − k2)
A2L2
= 0(6.14)
Λ + ζ
(
2
A′′
A
+
L′′
L
+
A′2 − k2
A2
+ 2
A′
A
L′
L
)
+ 4α
((
k2 −A′2)L′)′
A2L
= 0 (6.15)
which admits the following solution,
ds2 = k2r20 cos
2
(
r
r0
) (
−dt2 + e2ktdz2
)
+ dr2 + r20β
2 sin2
(
r
r0
) (
β−2dθ2 + sin2 θ dφ2
)
,
(6.16)
with
r20 =
ζ ∓
√
ζ2 + 4αΛ3
Λ/3
. (6.17)
This is a slicing of de-Sitter spacetime for Λ > 0. The flat space limit17 is obtained by
taking k ∼ 1/r0 and r0 → ∞. Then, spacetime is locally flat, exhibiting only a conical
17The constant k can be gauged away in (6.16).
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singularity at r = 0, as for a straight cosmic string [45]. The negative cosmological constant
case is simply
ds2 = k2r20 cosh
2
(
r
r0
) (
dz2 − e2kzdt2
)
+ dr2 + r20β
2 sinh2
(
r
r0
) (
β−2dθ2 + sin2 θ dφ2
)
,
(6.18)
with
r20 =
ζ ∓
√
ζ2 + 4αΛ3
−Λ/3 . (6.19)
Now, we can use the same method as in the pure Gauss-Bonnet case (6.9) to obtain
matching conditions for distributional matter (6.2). Going through all the terms in the
field equations, we see again that the only term carrying a distributional charge is f (6.9).
Terms originating from the Einstein tensor, like L
′′
L , could carry a 2 dimensional Dirac
charge but not a 3 dimensional one. We have therefore constructed an Einstein-Gauss-
Bonnet 1-brane of codimension 3, embedded in a constant or zero curvature bulk. The
matching conditions are again given by (6.11).
6.2 The codimension 4 case
We now consider a 1-brane of codimension 4 as a solution of pure Gauss-Bonnet gravity.
The 6 dimensional space-time metric with axial symmetry reads,
ds2 = A2(r)
(
−dt2 + e2kt dz2
)
+dr2 + L2(r)
(
β−2 dθ2 + γ−2 sin2 θ dφ2 + sin2 θ sin2 φdψ2
)
, (6.20)
and we assume the presence of an energy-momentum tensor,
T tt = T
z
z = σ
βγδ(r)
2π2L3
, (6.21)
As for the codimension 3 case, L(r) ∼ lr as r goes to zero and the metric (6.20) is generically
singular at r = 0,
R ∼ −12 A
′
A
L′
L
+ 2
3L′2 − 2β2 − γ2 + 3 (β2 − L′2) cos2 θ
L2 (cos2 θ − 1) . (6.22)
The non-singular bulk solutions therefore have to satisfy γ2 = β2 and
L′2 ∼ β2 and A′ ∼ 0 , (6.23)
as r goes to zero, which imposes the topology of a conical deficit angle. However, for
codimension 4, a jump in A′ does not give rise to a Dirac distribution since the second
derivatives of A only appear in terms of order L−2 in the components of the Gauss-Bonnet
tensor. We therefore set A ∼ 1 as r goes to zero. In the vicinity of the brane, we thus
obtain
Htt = H
z
z ∼ 4
L3
fˆ ′ +
4δ(r)
L3
[f ] (6.24)
Hrr ∼ 4
k2
(
L′2 − β2)
L2
(6.25)
Hθθ = H
φ
φ = H
ψ
ψ ∼
4k2
(
L′2 − β2)
L2
− 8k2L
′′
L
, (6.26)
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where we have set f = (3β2 − L′2)L′. The jump of this function at the origin,
f(r) =
{
2β3 if r = 0+
3β2 − 1 if r = 0 (6.27)
allows for the topological matching condition
σ =
2π2
β2
(1− β)(1 + β − 2β2)α2 . (6.28)
As in the previous example, the Gauss-Bonnet tensor carries the charge for the 1-brane of
codimension 4. Notice that (6.28) reduces to a relation between the angle deficit of the
bulk and the tension of the brane. This is very similar to what happens for codimension
2 branes in Einstein gravity in the following sense: in the latter case, the Einstein bulk
tensor is reduced to a cosmological constant term at the tip of a 2-dimensional conical
defect. Here, the Gauss-Bonnet tensor is reduced to a cosmological constant term at the
tip of a 4-dimensional defect. This result could be derived by a direct application of
Chern’s theorem to the normal section. Indeed, (6.24) is just the Gauss-Bonnet scalar,
whose integration over the normal section yields again (6.28). Similarily, one can obtain
the cosmic string tension by application of the Gauss-Bonnet theorem on the Ricci scalar
integrated over the 2-dimensional cone [45]. As for the codimension 3 example, we point
out that our solution has a conical singularity along the polar axis θ = φ = 0 if we dont
want to introduce a naked singularity at r = 0.
As in the previous section, we extend the above result to Lovelock theory, including
the Einstein and cosmological constant terms. For maximal symmetry on the bulk and on
the brane, we have the following bulk solution,
ds2 = k2r20 cos
2
(
r
r0
) (
−dt2 + e2ktdz2
)
+dr2 + r20 sin
2
(
r
r0
) (
dθ2 + sin2 θ dφ2 + sin2 θ sin2 φdψ2
)
, (6.29)
with
r20 =
ζ ±
√
ζ2 + 12αΛ5
Λ/5
. (6.30)
Cutting a solid angle, by reducing the interval in which ψ varies18, yields an Einstein-
Gauss-Bonnet 1-brane of codimension 4, embedded in a constant curvature bulk with
charge (6.28).
It is fairly easy now (although in component language technically involved) to extend
the maximally symmetric solutions given here, in order to describe p-branes of higher
dimension. If the bulk spacetime is flat, we work out the Lovelock densities carrying
charge according to (5.16) or (5.27) and introduce an overall angular defect in the direction
18Note that in order not to deform the sphere we always cut-off the defect along the Killing vector ∂ψ.
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of the axial Killing vector to match with the brane tension. If bulk spacetime has constant
curvature, one uses the relevant slicing of dS (or adS) space,
ds2 = k2r20 cos
2
(
r
r0
) (
−dt2 + e2ktdz2p
)
+ dr2 + r20 sin
2
(
r
r0
)
dΩ2N−1 , (6.31)
and proceeds in a similar way as for the flat case.
7. Summary and discussion
We have derived matching conditions for Lovelock gravity in arbitrary codimension. These
describe the equations of motion of a zero thickness p-brane, sourced by its localised energy-
momentum tensor. Self-gravity of the brane is therefore taken into account. We have shown
that unlike the situation in Einstein gravity, defects of codimension strictly higher than
2 are possible in Lovelock theory, as long as (4.15) is satisfied. Examples of maximally
symmetric solutions were given in Section 6, where we saw in particular that spacetime
was locally regular with a Dirac charge given by a solid angular defect. In mathematical
terms, three types of matching conditions are possible, depending on the nature of the
geometric terms providing the charge. Mathematical regularity, along with the examples
of section 6, point towards topological matching conditions if codimension is even (5.1) and
mixed matching conditions (4.23) if codimension is odd.
In even codimensions N = 2n, the geometric terms appearing are, dropping out the
parallel indices for simplicity, induced curvature terms Ω (2.31) and even powers of the
extrinsic curvature K (2.17): schematically K2, Ωind, K4, Ω2ind, K2Ωind etc, as is shown
in the table. The most striking feature of these matching conditions is the dimensional
reduction of Lovelock densities that takes place at the location of the brane. We see that the
highest rank Lovelock densities in the bulk L(k), which carry the distributional charge, are
reduced to induced Lovelock densities on the brane Lind(k−n). This results in the presence of
the induced Einstein tensor in the equations of motion for p > 2. Furthermore, if n ≥ p+12 ,
there are no extrinsic curvature corrections and the equations of motion obeyed by the brane
are those of induced Lovelock gravity. The only degree of freedom originating from the bulk
spacetime is the topological charge β(P ), which along with the coupling constant αk fixes
the Planck scale for 4-dimensional gravity. Note that β being a topological charge, it is
not fixed by the local field equation (3.15). Indeed, in all generality, β is a smooth function
of the position along the brane and it is not constrained by the matching conditions. In
order to determine the dynamics –if any– of β, one has to solve the full Lovelock equations.
Local gravity experiments put however stringent constraints on β, which has to be varying
very slowly today, in order not to violate in any noticable way the equivalence principle
[24]. Since the coupling of geometry to matter would vary in this case, the variation of
β may correspond to energy loss in the extra dimensions which would be interesting to
investigate in relation to the late time acceleration of our universe.
As an example here, let us consider the case of a Dirac 3-brane in D = 10 dimensions
and take β constant. The action describing the brane’s motion is (5.19), ie the Einstein-
Hilbert plus cosmological constant. The Einstein term is obtained from L(4), the highest
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order Lovelock term, while the induced cosmological constant comes from L(3). The 10
dimensional cosmological constant, Einstein and Gauss-Bonnet terms, k = 0, 1, 2, do not
carry any distributional charge and therefore do not appear at the level of an infinitesimally
thin brane. An observer on the 3-brane, if it has no access to finite thickness corrections
and β is constant, would never realise that it were part of a higher dimensional spacetime.
The perturbation operator for small fluctuations in the µν-directions (tangent to the brane)
would have to be exactly that of ordinary 4 dimensional gravity. Is 4 dimensional gravity
exactly localised ? Are there additional degrees of freedom hiding in the remaining Love-
lock equations and how are these perceived by a brane observer? Clearly the dynamics of
β(P ) are a key question here. These questions certainly demand further and careful inves-
tigation. For constant β however, we can summarise our findings in the following way: the
distributional part originating from most general action in the bulk equations yields –for
even codimensions– the most general induced action on the brane. In particular, induced
gravity terms [46] are naturally obtained this way in a classical context. This is pictured
schematically in the following table, where, note, that under the diagonal, one only finds
induced Lovelock densities and all extrinsic curvature terms cancel out.
We would like to remark that it is straightforward to show that our results agree with
what has been found in [23] (see also the earlier work of [22]) concerning brane intersections.
To recover for example the results of Navarro and Santiago, we take a geodesic embedding
of Σ into a spacetime with topology
M = Σ× (C2)N/2 , (7.1)
where C2 is the 2-dimensional cone and apply the factorization rule of the Euler density
for two manifolds M and N
L [TM ⊕ TN ] = L [TM ] ∧ L [TN ] . (7.2)
Also, using the action (5.15) for a codimension 2 brane relates the entropy of Lovelock
black holes [48, 49, 50, 51, 52, 53, 54] and codimension 2 matching conditions [21]. The
Euclidean version of (5.15), with extrinsic curvature set to zero, yields, after using the
techniques of [48, 49, 50, 51, 52]
SBH ≡ β
∂S
(Eucl.)
D
∂β
− S(Eucl.)D = 4π
∫
Σ
θ⋆//
(
α1 + α2R
ind
)
, (7.3)
in exact agreement with [53], which uses the Noether charge method developped in [55, 56].
n\k˜ 0 1 2 3 · · · [p/2]
n = 1 I Ω−K2 12(Ω2 +K4)− ΩK2 16(Ω3 −K6) + 12 (ΩK4 − Ω2K2) · · ·
n = 2 Ω 12(Ω
2 −K4) 16(Ω3 − 3ΩK4 + 2K6) · · ·
n = 3 12Ω
2 1
6(Ω
3 − ΩK4) · · ·
n = 4 16Ω
3 · · ·
...
. . .
In odd codimension, we end up with Israel-like matching conditions (4.23), that link
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the discontinuity of some quantities, to the stress-energy density of the brane. These
quantities determine the brane’s motion and are odd powers of K, ie schematicaly K, RK,
K3 etc, as shown in the following table. Note that if we consider axial symmetry, the
terms beneath the diagonal are dimensionally extended Chern-Simons forms, ie the usual
boundary terms (3.11), (3.12). This is typical of the motion of a singular hypersurface,
where in the context of branewords it is known, for example, that only at late times is
the cosmological evolution 4 dimensional [47]. This is a clean cut difference from even
codimension matching conditions.
n\k˜ 1 2 3 · · · [(p + 1)/2]
n = 1 K RK 12R2K · · ·
n = 2 RK + 23K3 12R2K + 23RK3 · · ·
n = 3 12R2K+ 23RK3 + 415K5 · · ·
...
. . .
Furthermore, and this is an important difference from hypersurfaces, as the codimen-
sion increases, the brane’s motion is less and less constrained by the bulk. This we saw in
particular for the 3-brane’s motion in codimension 2, where extrinsic curvature corrections
were present, only to dissapear for n > 2. The matching equations are necessary but not
sufficient conditions. What we have obtained here is the purely distributional part of the
Lovelock bulk equations, which yields quite naturally, sensible matching conditions for the
distributional p-brane. It can be that a singular behavior of the Riemann tensor, in the
vicinity of the brane, makes these unfeasible for a concrete exact solution. Actually, one
can expect this from classical black hole theorems. We know that Birkhoff’s theorem is
true for Einstein-Gauss-Bonnet gravity and, since the degrees of freedom for the graviton
do not change in Lovelock theory19, we expect the theorem to hold there too. Therefore,
if the bulk solution is not locally flat, as for the simple examples we have described, then,
we expect the formation of horizons, or worse, of naked singularities in the vicinity of the
brane. The analogue solutions have been analysed by Gregory [28] and the braneworld
picture has been discussed in [57]. It may be that constraints on the curvature may make
the junction conditions unfeasible once gravitons freely propagate in the bulk. This would
simply mean that a Dirac distribution is then too crude an approximation to describe in a
consistent way the brane’s motion. This is also matter for future investigation.
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A. Definitions
A.1 The Dirac distribution
The first thing we need to define is the Dirac distribution centered on a submanifold Σ of
the total spacetime M , so that we can account for the localisation of stress-energy over Σ.
To do so, let U be an arbitrary open submanifold of M such that
CodimU (U ∩ Σ) = N , (A.1)
ie U covers all the normal directions to Σ. Then, to any function f : U −→ R, of compact
support in U , the Dirac distribution centered on Σ, δΣ, associates, by definition, the real
value ∫
U
fδΣ =
{
f(P ) if U ∩ Σ = {P}∫
U∩Σ f otherwise.
(A.2)
A.2 Operators on Ω∗(TM)
In this appendix, we also define some useful operators over the space of differential forms
Ω∗(TM), that acts on the tangent bundle of (M,g). We first consider projection operators.
These are built out of the interior product. The latter is defined over Ω(r)(TM) by,
i : TM × Ω(r)(TM) → Ω(r−1)(TM)
(X,ω) → iXω , (A.3)
with
(iXω)(X1, · · · ,Xr−1) = ω(X,X1, · · · ,Xr−1) , (A.4)
for all X1, · · ·, Xr−1 in TM . We then define the projection operator from Ω(r)(TM) to
Ω(r−q)(TΣ)⊗ Ω(q)(TΣ⊥) by
iq ≡
(
r−q∧
l=1
θµl
)
∧
(
q∧
l=1
θIl
)
inIq · · · inI1
(
ieµr−q · · · ieµ1
)
(A.5)
The special case r = D− 1, q = N is particularly helpful in this paper. The corresponding
projection operator
iN ≡
(
D−N−1∧
l=1
θµl
)
∧
(
N∧
l=1
θIl
)
inIN · · · inI1
(
ieµD−N−1 · · · ieµ1
)
(A.6)
achieves two things. The ieµ terms in parentheses project all tangent directions but one,
factorizing an N -form from the total (D − 1)-form and the inI terms project this N -form
uniquely on the normal section (TΣ)⊥. This is precisely what is needed in section 4, in order
to integrate (4.4). Developping every (D − 1)-form (3.16) according to the decomposition
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of the curvature 2-form (2.19), we get a sum over all the relevant powers of R//, R˜ and
R⊥. The latter, once projected by means of iN , reads
iNE(k)A =
k∑
i=0
k−i∑
j=0
CikC
j
k−i
(
j∧
l=1
RAlBl//
)(
k−i−j∧
l=1
R˜ClDl
)(
i∧
l=1
RElFl⊥
)
∧ iN−k−i+jθ⋆AA1···BjC1···Dk−i−jE1···Fi , (A.7)
where as usual, Cij =
j!
i!(j−i)! . Since the exterior product of the curvature 2-form pro-
jections is a 2k-form with tensor structure Ω(k−i+j)(TΣ) ⊗ Ω(k+i−j)(TΣ⊥), the remain-
ing iN−k−i+jθ
⋆
A··· are (D − 2k − 1)-forms, with tensor structure Ω(D−N−k+i−j−1)(TΣ) ⊗
Ω(N−k−i+j)(TΣ⊥). This makes iNE(k)A an N -form on (TΣ)⊥ as was required.
With respect to these projections, one can also split the differential operator d into
parallel and perpendicular differential operators, respectively d// and d⊥. These act as pro-
jected operators on Ω∗(TΣ) and Ω∗(TΣ⊥). To summarize, we have the following diagram
Ω(r−q)(TΣ)⊗ Ω(q)(TΣ⊥) d⊥ //
d//

Ω(r−q)(TΣ)⊗ Ω(q+1)(TΣ⊥)
d//

Ω(r+1)(TM)
iq+1
44
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
j
iquujjj
j
j
j
j
j
j
j
j
j
j
j
j
Ω(r−q+1)(TΣ)⊗ Ω(q)(TΣ⊥) d⊥ // Ω(r−q+1)(TΣ)⊗ Ω(q+1)(TΣ⊥)
However, it is worth emphasizing that d⊥ is not the proper differential operator dΣ⊥P
of
Ω∗(TΣ⊥), but only the projection onto it of the spacetime differential operator d. Indeed,
one has
d⊥ = (−1)rdΣ⊥P , (A.8)
over Ω(r)(TΣ)⊗Ω(q)(TΣ⊥). The differential forms of Ω∗(TΣ) are thus seen as such by d⊥,
while they are seen as mere functions by dΣ⊥P
. A further consequence is the appearance of
an overall sign when applying Stoke’s theorem to d⊥,∫
Σ⊥P
d⊥ω = (−1)r
∫
Σ⊥P
dΣ⊥P
ω = (−1)r
∫
∂Σ⊥P
ω , (A.9)
for all ω in Ω(r)(TΣ)⊗ Ω(N−1)(TΣ⊥).
B. Normal connection-invariant cohomology classes
Consider an arbitrary (D−1)-form Ξ(k)A from (A.7). We suppose that it depends explicitely
on the normal connection ψIJ⊥ and not only on the local normal frame θ
I . We shall now
demonstrate that the integral of Ξ(k)A over Σ
⊥
P is invariant under (4.6), if and only if it
is locally exact in the sense of d⊥. By locally exact, we mean that its pull-back to the
associated sphere bundle π0 : SN−1 → Σ⊥P \{P} is exact.
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So, let Ξ(k)A be some term in (A.7). If π
∗
0(Ξ(k)A) is exact, there exists some σ(k)A such
that
π∗0(Ξ(k)A) = d⊥σ(k)A . (B.1)
We thus have, ∫
Σ⊥P
Ξ(k)A =
∫
nN (∂(Σ
⊥
P \{P}))
σ(k)A . (B.2)
Varying with respect to t, one gets,
d
dt
∫
Σ⊥P
Ξ(k)A =
∫
nN (∂(Σ
⊥
P \{P}))
ξIJ ∧ (· · ·) = 0 , (B.3)
since ξIJ vanishes on the boundary. We thus show that the integral over Σ⊥P of the locally
exact forms are normal connection-invariant.
On the other hand, if Ξ(k)A is not locally exact, one has
d
dt
Ξ(k)A) = ξ
IJ ∧ λ(k)AIJ(t) . (B.4)
Notice that one could in principle find terms of the form
d
dt
Ξ(k)A) = (d⊥ξ
IJ) ∧B(k)AIJ(t) , (B.5)
but these terms can be integrated by parts according to
(
d⊥ξ
IJ
) ∧B(k)AIJ(t) = d⊥ (ξIJ ∧B(k)AIJ(t)) + ξIJ ∧ (d⊥B(k)AIJ(t)) , (B.6)
yielding either locally exact terms or terms like (B.4). Then,
d
dt
∫
Σ⊥P
Ξ(k)A =
∫
Σ⊥P
dΞ(k)A
dt
=
∫
Σ⊥P
ξIJ ∧ λ(k)AIJ(t) . (B.7)
We therefore have normal connection invariant integrals for those terms, if and only if,∫
Σ⊥P
ξIJ ∧ λ(k)AIJ(t) = 0 , (B.8)
for all t in [0, 1] and all ξIJ . This implies that for all t in [0, 1], λ(k)AIJ(t) = 0 over
Σ⊥P and then, after (B.4), that Ξ(k)A is independent of t. The latter point can only be
achieved for terms that do not depend on the normal connection at all, which contradicts
our hypothesis. The only terms in (A.7) explicitely depending on the normal connection
and whose integrals over Σ⊥P are nonetheless normal connection-invariant are therefore the
locally exact ones. Notice that requiring an explicit dependance on the normal connection
for Ξ(k)A is necessary in order for it to be charged, ie to have a non-vanishing integral over
Σ⊥P even when the latter is shrunk to P .
We thus see that when integrating (A.7) over Σ⊥P , the only normal connection-invariant
integrals of charged terms come from the terms in (A.7) that pull back to the null coho-
mology class over the sphere bundle [0] ∈ H(N)(SN−1). This result might seem trivial, but
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one has to think that when pulled back to the tangent bundle TΣ⊥ → Σ⊥P of the normal
section, it yields non-trivial cohomology classes of H(N)(TΣ⊥). Indeed, it contains for
example the Euler cohomology class
[
L⊥(N/2)
]
∈ H(N)(TΣ⊥) which plays a central role in
the form of the matching conditions in even codimensions. 20
C. Charged exact forms
Since the normal frame vanishes at P , the basis of dual 1-forms θI identically pulls back
to the null 1-form over the sphere bundle. We thus conclude that the charged exact forms
can not contain any such form. This has two major consequences. The first one is that the
charged exact forms are contained in the terms of (A.7) for which
iN−k−i+jθ
⋆
µ··· = i0θ
⋆
µ··· , (C.1)
which leads to k−N + i− j = 0. The second is that the charged exact forms must contain
the maximal power of the ψI⊥N , which, being the only non-vanishing normal forms at P ,
will pull back to non-vanishing forms over the sphere bundle. With regards to this, it
will appear particularly helpful, as we shall see, to introduce the Chern-Simons N − 1 and
N -forms,
Π⊥(N,m) ≡ ǫI˙1···I˙N−1
(
m∧
l=1
Ω
I˙2l−1I˙2l
⊥
)
∧
(
N−1∧
l=2m+1
ψI˙l⊥N
)
, (C.2)
Θ⊥(N,m) ≡ 2(m+ 1)ǫI˙1···I˙N−1
(
m∧
l=1
Ω
I˙2l−1I˙2l
⊥
)
∧ ΩI˙2m+1N⊥ ∧
(
N−1∧
l=2m+2
ψI˙l⊥N
)
, (C.3)
since the potentials and charged exact forms can be decomposed upon both sets. Namely,
taking (C.1) into account, we find that the charged exact forms can be written, up to
regular terms, as
Ξ(N,k)µ ∼
min(k,[N/2])∑
i=max(0,N−k)
CikC
k−N+i
k−i
(
k−N+i∧
l=1
RAlBl//
)
∧
(
N−2i∧
l=1
R˜ClDl
)
∧
(
i∧
l=1
RElFl⊥
)
∧ i0θ⋆µ··· .
(C.4)
Notice that (C.1) gives a further constraint since k − N = j − i for 0 ≤ j ≤ k − i and
0 ≤ i ≤ k implies that 2k ≥ N . The sum in (C.4) thus runs from max(0, N − k) to [N/2].
Now, one needs two things. First, according to appendix B, the exact forms are derived
by integration by parts of some differential d⊥, meaning that we can restrict ourselves
to the terms of (C.4) that contain a d⊥. Next, these terms must contain the maximal
power of the ψI⊥N since the latter are the only non-vanishing 1-forms at P . Looking at the
Gauss-Codazzi equations (2.24), (2.25) and (2.26), one sees that the charged exact forms
are therefore deduced from (C.4) by trading each R˜ClDl for
D⊥KµlIl// = d⊥KµlIl// + ψµl⊥ν ∧ KνIl// +Kµl//J ∧ ψJIl⊥
20A pull back to the principal fiber bundle π : O(D −N) → Σ⊥P also yields its Pontrjagin characteristic
class.
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and each RElFl⊥ for Ω
IlJl
⊥ . This yields
Ξ(N,k)µ ∼
[N/2]∑
i=max(0,N−k)
2N−2i CikC
k−N+i
k−i
(
k−N+i∧
l=1
Rµlνl//
)
∧
(
N−2i∧
l=1
D⊥KσlKl//
)
∧
(
i∧
l=1
ΩIlJl⊥
)
∧i0θ⋆µ··· .
(C.5)
Using
i0θ
⋆
µµ1···µD−2k−2I1···IN
= (−1)(D−2k−1)Nθ⋆//µµ1···µD−2k−2ǫI1···IN , (C.6)
one can rearrange (C.5) to get
Ξ(N,k)µ ∼
[N/2]∑
i=max(0,N−k)
2N−2i CikC
k−N+i
k−i
(
k−N+i∧
l=1
Rµlνl
//
)
∧
[
(−1)D−N (N − 2i) d⊥Kσ1//N ∧
(
N−2i∧
l=2
Kσl
//N
)
∧ θ⋆//µ··· ∧Π⊥(N,i)
+
(
N−2i∧
l=1
Kσl//N
)
∧ θ⋆//µ··· ∧Θ⊥(N,i−1)
]
, (C.7)
where we set Θ⊥(p,−1) = Θ
⊥
(p,[p/2]) = 0. Now, one can show [29], that
Θ⊥(N,i) = d⊥Φ
⊥
(N,i) , (C.8)
where Φ⊥(N,i) is the (N − 1)-form defined at (4.12). This, together with the identity
d⊥Π
⊥
(N,[N/2]) = −Θ⊥(N,[N/2]−1) = −d⊥Φ⊥(N,[N/2]−1) , (C.9)
for odd values of N , helps in showing that
Ξ(N,k)µ = d⊥σ(N,k)µ , (C.10)
with
σ(N,k)µ =
[N/2]∑
i=max(0,N−k)
(−1)D−N−1 2N−2iCikCk−N+ik−i
(
k−N+i∧
l=1
Rµlνl//
)
∧
(
N−2i∧
l=1
Kρl//N
)
∧ θ⋆//µ··· ∧Φ⊥(N,i−1)
+(−1)D−N 2N−2[N/2]C [N/2]k Ck−N+[N/2]k−[N/2] (N − 2 [N/2])H(N,k)µ . (C.11)
In the odd codimension case, one has to introduce a special correction, which is the second
term in the above expression. In this term, one has
H(N,k)µ =
k−N+[N/2]∑
i=0
(−1)k−N+[N/2]−i
2k −N − 2i C
i
k−N+[N/2]
(
i∧
l=1
Rµlνl//
)
∧
(
2k−N−2i∧
l=1
Kσl//N
)
∧ θ⋆//µ···
∧
(
Π⊥(N,[N/2]) +Φ
⊥
(N,[N/2]−1)
)
, (C.12)
where we have decomposed the parallel projection of the curvature 2-form according to
Rµν// = Rµν// −Kµ//N ∧Kν//N , (C.13)
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the Rµν// being smooth at P. To make contact with the codimension 1 case, which can
be straightforwardly derived from (C.7), we shall take the convention Φ⊥(N,−1) = 0 and
Π⊥(1,0) = 1. Notice that the parallel forms involved in (C.11) can be seen as a dimensional
continuation of the Chern-Simons forms (4.11), in the same way as each Lanczos-Lovelock
theory is a dimensional conitnuation of some Euler density. In the end, let us emphasize
the remarkable fact that the only possible contributions to the potential arrange together
so as to yield an exact form, the remaining terms being necessarily regular.
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